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RECENT paper by Murthy! presented an analysis of the
coupied f{lapwise bending-torsion vibration character-
isiics of rotor blades using the integrating matrix method.
furthy has drawn several incorrect conclusions relative to the
general  apr bility of this method; furthermore, the
eigenvectors aiCLlaLeC‘z using the integrating matrix method
are in error. The integrating matrix method, however, is well
established in the literature as having a wide range of ap-
p;rabius, for obtaining numerical solutions of different
equations in structural mechanics.

Murthy stated that the coupled flapwise bending-torsion
equations are those derived by Houbolt and Brooks.? In fact,
the equations considered by Ref. 1 are a subset of the
Porrespoqdhg ﬁapwise bending-torsion eguations of Ref
The following ad "130“2‘1 asswmption" are inherent in the
equaiions considered by Ref. 1: a) the blade was assumed to
have zero twist, b; the tension axis was assumed to coincide
with the elastic axis, ¢} the component of tensile stress in a
plane normal to the elastic axis was assumed to produce a
negligible 1orsional resisting moment, and d) the blade was
assumed to have zero root offset from the axis of rotation.
Murthy’s solution of the governing equations was apparently
taken directly from Appendix A of Ref. 3. This appendix was

solely intended as a specialized application of the integrating
matrix operator developed by Hunter.® However, Murthy
incorrectly concluded that the method has a limited range of
applicability. Specuicauy, Murthy conciuded that the in-
tegrating matrix method was only applicable to equal length
segmenis. In fact, the method was easily generalized by
Vakhitov® to include arbitrary integration intervals for
nonuniform beams. Murthy further conciuded that the
solution of the coupled bending-torsion equations reguired
the introduction of a differentiating matrix operator.
However, while a differentiating matrix operator is a feasible
approach, it is neither necessary nor desirable.

The governing eguations of Ref. 1 can be expressed in the
corresponding form uscd in Ref. 6as
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Formal differentiation of these eguations vyields the
corresponding set considered in Ref. 1. Assummg simpie
harmonic motion and applying the intergrating matrix

operator of Ref. 4 ic the preceding equations vields
{AHa]=ABl{a} {4}

where the elemen

nts LA} and [B] are given in Ref. 6 i e the
eigenvector co i

nt ;rca rmvamres in bending and pc in
torsion, {o} Lowiowl bl ps b in conir (, the
eigenvectors cf Ref. "i “contain bending an mmona‘é
displacements, {aj=1{w,, wg‘..wn,¢,,¢_>...¢,, }. The
sigenvectors of Eq. (4) can be numerically integrated using the
integrating matrix operator to yield the coupled bending-
torsion dispiacements. Thus, the introduction of a
ferentiating matrix operator IS unnecessary.

Equation (4) was solved with fixed-free boundary con-
ditions using 11 stations and the seventh-degree integrating
matrix operator derived in Ref. 4. Table | compares the first
three coupled mode shapes calculated from Eqg. (4) with the
transmission matrix results in Ref. ! Ta‘(‘?P 1 shows excellent
agreecment between the integrating matrix and transmission
ma;r‘x ﬂ'xe'hcds However, Ref. i quna significant dif-

in the noh:redo'ninam components of the coupled
medeQ and attributed these differences 1o the nonsymmetric
form of {4] and {B]. Indeed, many numerical technigues yield
nonsymmcum matrices. The nonsymmetrix form of [A4] and
iBj in Ref. I does not support the asseriions that the in-
tegrating matrix method is inaccurate or yiclds modes that
lack orthogonality properties in the usual sensc, ¢
Finally, Murthy concluded that the integrating matrix
method is not applicable to a system containing rigid body
degrees of freedom. In fact, Vakhitov’ has applied an in-
tegrating mairix method to articulated rotor systems, in-
cluding the limiting case of pinned-iree boundary conditions,

Table 1 Comparisons of coiipled ﬁapwise beading and torsion

mode shapes, fixed-free
integrating matrix, Eq. {4} Transmission matrix !

xX/R w ] w I3

w; =31.05rad/s
0.0 0.6000 $.0000 6.0000 8.0000
0.2 3.063% 0.0014 0.0639 0.0014
0.4 0.2299 0.0026 0.2299 0.0026
0.6 0.4611 0.0038 (0.4611 0.0038
0.8 ¢.7255 0.004¢ $.7255 0.0046
1.0 1.0000 0.0049 1.0600 $.0049

o, = 193.70rad/s
0.0 4.0606 $.6000 45,0000 6.6000
0.2 -0.2950 —0.0337 —(.2850 ~(.0337
6.4 —(.6678 —$.0583 —0.6678 ~{3.0583
0.6 - 0.5718 —0.0646 —0.5710 —{.0646
0.8 0.0818 —0.0550 0.0817 —$.0556
1.0 1.0000 —0.0465 1.0000 —0.0465

w3 =390.79 rad/s
0.0 0.0000 6.5000 6.0000 $.0000
0.2 - 0.0361 0.3093 -0.0361 0.3093
0.4 ~0.1242 0.5860 —0.1242 0.5860
0.6 —0.1546 (.8057 —0.1946 0.8057
0.8 —0.1963 0.9493 ~0.1962 0.5493
1.6 —0.1541 1.0000 -0.1541 1.006¢
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The integrating matrix method has been used successfully
for many years. In contrast to the conclusions of Ref. 1, the
method yields accurate results and has a wide range of ap-
plicability for obtaining numerical solutions of differential
cquations in structural mechanics. Thus, the assertions in Ref.
1 relative to the limitations of the integrating matrix method
are without foundation.
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Reply by Author to W, F. White Jr.

V. R. Murthy*
Old Dominion University, Norfolk, Va.

HE author greatly appreciates the interest of William F.
White Jr. in this work (Ref. 1). It appears that most of
the comments arose due to the lack of precise statements in
the Technical Note. There was a comment regarding the way
of referencing the equations of motion {Egs. (1) and (2) of
Ref. 1] to the original work (Ref. 2). The author feels that it is
a perfectly legitimate, even though not precise way of giving
the reference. For instance, White stated that the elements of
[A] and [B] of Eq. (4) of the Technical Comment are given in
Ret. 3. In fact, the elements of [4] and [B] are a subset of
those given in Ref. 3. Also, it was stated that the formal
* differentiation of Eqgs. (1-3) yields Egs. (1-3) of Ref. 1. In
fact, Eqgs. (1-3) of Ref. 1 were obtained for a simple harmonic
motion which is a special case of Egs. (1-3) of the Technical
Comment. These statements are not highly precise, but are
always understandable and, in the opinion of the author, are
not worthy of comment. The following additional conditions
are inherent in Egs. (1-3) of the Technical Comment
Elw” (R,t)=0; GJ$"(R,ty=0 T(R)=0
Eqgs. (1) to (3) of Ref. | are independent of similar conditions
on the curvature and slope curves of ampiitudes of simple
harmonic flapwise deflection and twisting deformation,
respectively, and similarly independent of the condition on
the tension curve. These conditions enter through the
boundary conditions of the system. It was not the intention or
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objective of Ref. 1 to list or discuss the various assumptions
and limitations of the equations of motion derived in Ref. 2,
and several papers exist in the literature for that purpose. The
main objectives of the Technical Notes were: 1) to investigate
the applicability of the integrating matrix technique (using
exclusively the integrating matrices and their functions) to
compute the natural frequencies and natural mode shapes of a
system containing rigid body degrees of freedom whose
eigenvalue problem is described by the differential equations
and the associated set of necessary and sufficient boundary
conditions, and 2) to determine the accuracy of coupled mode
shapes yielded by this technique when this is applied to the
differential equation formulation of the system containing no
rigid body degree of freedom. )

These objectives were motivated by the following aspects of
this technique: 1) it gives rise to a flexibility type of for-
mulation, and 2) it yields a nonself-adjoint formulation. It
was clearly shown in Ref. -! that the integrating matrix
technique is not applicable to a system containing rigid body
degrees of freedom by taking an example of a uniform
continuous nonrotating beam with flapwise bending degree of
freedom which is hinged at one end and free at the other end.
The author would like to offer a word of caution here—that
the problem under consideration is a system containing a rigid
body degree(s) of freedom whose eigenvalue value problem is
described by the differential equation(s) and the associated set
of complete boundary conditions and for which the numerical
solution is sought by the exclusive use of the integrating
matrices and/or their functions. Any published analysis of
such systems whose eigenvalue problem is described by in-
tegro-differential equations of the type considered in Ref. 3
would add to the utility of this technique. It was never
specifically concluded in the Technical Note that the in-
tegrating matrix technique .is applicable only to equa!l in-
crements of the independent variable and the problem is
merely defined and formulated for equal intervals to make use
of the more readily available results* to achieve the specified
objectives. It is obvious that as long as the numerical in-
terpolation formulas are feasibie for unequal intervals, then
the technique is feasible for those intervals. Not all of the
systems whose equations of motion are described by dif-
ferential equations can be analyzed by the exclusive use of
integrating matrices. The introduction of differentiating
matrices would be desirable if one is looking for the ad-
vantage of having a technique which uses merely the coef-
ficients of the differential equations of motion and/or if one
is looking for a numerical technique which can solve the
equations at hand rather than converting the equations to a
different form for the sake of a numerical technique. There
are several numerical techniques available in the literature to
suit a given form of equations of motion.

The integrating matrix results presented in Ref. 1 are not in
error, but an error was made in directly comparing these
results with those obtained by the transmission matrix
method. The mode shapes obtained by these techniques were
normalized in different ways. Hence, the conclusion of Ref. 1
that the integrating matrix technique does not yield accurate
deflections for nonpredominant modes in a coupled mode
shape is erroneous. The author regrets the error and is
thankful to White for pointing it out.

The following are to be added to Ref. 1 for completeness.
The numerical value for the mass is missing for the results
presented in Table 1 (m=0.0015 slugs/in.). The matrices
{E[]’ [’n]: [meL {GJL [x]a [mkfn]’ and [m ( k12n2 - k12711 )1 are
diagonal matrices. The matrix {/] is the integrating matrix
defined in Ref. 4. The definitions of [F} and [P] matrices are
as follows:

(P =diag (F1 m] [x] {1})
F={D,1-1D
[I1=unit matrix, [D,]is defined in Ref. 4



